The gravitational field of the Schwarzschild spacetime  by Borgiel, Włodzimierz
Differential Geometry and its Applications 29 (2011) S207–S210Contents lists available at ScienceDirect
Differential Geometry and its Applications
www.elsevier.com/locate/difgeo
The gravitational ﬁeld of the Schwarzschild spacetime
Włodzimierz Borgiel
Institute of Mathematics and Computer Science, Wrocław University of Technology, Wybrzez˙e Wyspian´skiego 27, 50-370 Wrocław, Poland
a r t i c l e i n f o a b s t r a c t
Article history:
Available online 6 May 2011
Communicated by D. Krupka
MSC:
58A05
58D17
83C15
Keywords:
Gravitational ﬁeld
Schwarzschild spacetime
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1. Introduction
The General Theory of Relativity formulated by Einstein in 1916 year is based on unusually simple and easy to acception
the principle of equivalence, which tells us that the laws of physics should look out in all reference frames (that is, for all
observators) the same. This principle can be related with existence of the force of the gravitation what leads to identiﬁcation
of the gravitational ﬁeld with the curvature of the spacetime. As an example let us consider a Schwarzschild spacetime.
A spacetime (M, g) which is spherically symmetric vacuum with vanishing cosmological constant is called a
Schwarzschild spacetime. The metric given by equation
g = − r − 2m
r
dt2 + r
r − 2m dr
2 + r2 dθ2 + r2 sin2 θ dφ2, (1)
where r > 2m, is called the Schwarzschild metric in Schwarzschild coordinates (t, r, θ,φ) (see [2,5]). At this notation m will
turn out to be the mass of the central body in relativistic units (c = G = 1). The coordinate r does indeed play the role of a
radial measure; in fact, the sphere r = const, t = const has the (spacelike) metric
dl2 = r2(dθ2 + sin2 θ dφ2),
from which it is clear that the element of area on the surface is r dθ × r sin θ dφ, and hence that the area of the surface
is 4πr2. The angles θ and φ are the usual spherical polar angles. We also note that there are regions of spacetime (those
within r = 2m) where r is not a spacelike coordinate and t is not timelike. Since we shall consider the spacetime to be
represented by a manifold with a Lorentz metric so we must choose only one of these regions and obviously this for
r > 2m, which represents the external ﬁeld.
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The metric tensor (or potential of the gravitation [3]) in the Schwarzschild coordinates p = (t, r, θ,φ) has the form
gab(p) =
⎛
⎜⎜⎝
− r−2mr 0
r
r−2m
r2
0 r2 sin2 θ
⎞
⎟⎟⎠ , (2)
where a,b = 0,1,2,3, and it has the signature (1,3) if and only if r ∈ (2m,∞) and θ ∈ (0,π). The indices 0, 1, 2, 3 refer
to the coordinates t , r, θ , φ in this order. The advantage of this notation is that it is independent of which numbers are
assigned to which coordinates.
Since the metric tensor (2) is a diagonal this is a simple task to calculate the Christoffel symbols using the formula
Γ bac =
1
2
gbd(∂c gad + ∂a gdc − ∂d gca). (3)
Thus we have
Γ 100 =
m(r − 2m)
r3
, Γ 010 = Γ 001 =
m
r(r − 2m) , Γ
1
11 = −
m
r(r − 2m) , Γ
2
21 = Γ 212 =
1
r
, Γ 331 = Γ 313 =
1
r
,
Γ 122 = −(r − 2m), Γ 332 = Γ 323 =
cos θ
sin θ
, Γ 133 = −(r − 2m) sin2 θ, Γ 233 = − sin θ cos θ,
where it is understood that all other Christoffel symbols vanish.
The Riemann tensor (or curvature tensor) can be expressed as follows
Rabcd = 12
(
∂2bc gad + ∂2ad gbc − ∂2bd gac − ∂2ac gbd
)+ gkl(Γ kbcΓ lad − Γ kbdΓ lac). (4)
There are 21 independent components, because the Riemann tensor satisﬁes the following symmetry equation
Rabcd = −Rbacd = −Rabdc = Rcdab. (5)
In our case independent components of the Riemann tensor Rabcd are
R1010(p) = −2m
r3
, R2020(p) = m(r − 2m)
r2
, R3030(p) = m(r − 2m) sin
2 θ
r2
,
R1212(p) = − m
r − 2m , R3131(p) = −
m sin2 θ
r − 2m , R2323(p) = 2mr sin
2 θ.
It is easy to check that the Ricci tensor Rab(p) = 0.
In a nonsingular case it is convenient to introduce a 6-dimensional formalism in the pseudo-Euclidean space R6 (the
Klein space). The rule changing to the 6-dimensional formalism is the following (see [4])
ab: 23 31 12 10 20 30,
A: 1 2 3 4 5 6.
Now, we introduce the metric tensor deﬁned by
gac gbd − gad gbc = gabcd → gAB ,
where gab are components of a metric tensor at an arbitrary point of the Schwarzschild spacetime and collective indices are
the skew-symmetric pairs ab → A, cd → B . The tensor gAB (A, B = 1, . . . ,6) of signature (3,3) is symmetric and nonsingu-
lar.
Thus components of tensors gAB and RAB are, respectively
g11(p) = r4 sin2 θ, g22(p) = r
3 sin2 θ
r − 2m , g33(p) =
r3
r − 2m ,
g44(p) = −1, g55(p) = −r(r − 2m), g66(p) = −r(r − 2m) sin2 θ
and gAB vanishing for A = B ,
R11(p) = 2mr sin2 θ, R22(p) = −m sin
2 θ
r − 2m , R33(p) = −
m
r − 2m , R44(p) = −
2m
r3
,
R55(p) = m(r − 2m)
r2
, R66(p) = m(r − 2m) sin
2 θ
r2
and RAB vanishing for A = B .
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λ-tensors have been given in the paper [1].
In our case the determinant of λ-matrix RAB(p) − λgAB(p) is equal to zero if and only if
λ1(r) = λ4(r) = 2m
r3
(6)
or
λ2(r) = λ3(r) = λ5(r) = λ6(r) = −m
r3
, (7)
so we have
gA′B ′ =
⎛
⎜⎜⎜⎜⎜⎝
1 0
1
1
−1
−1
0 −1
⎞
⎟⎟⎟⎟⎟⎠
, RA′B ′ =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
2m
r3
0
−m
r3
−m
r3
− 2m
r3
m
r3
0 m
r3
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
Thus the gravitational ﬁeld of the Schwarzschild nonsingular spacetime determined by the characteristic λ-tensor RAB −
λgAB is the type G1[(1111)(11)] in the Segre symbols (see [1]). We still note that if m = 0, then the Schwarzschild spacetime
is ﬂat.
Let now θ = 0 or θ = π . Since dθ = 0 if θ = const so the metric given by Eq. (1) takes the form
g˜ = − r − 2m
r
dt2 + r
r − 2m dr
2. (8)
The metric tensor g˜ in coordinates p˜ = (t, r) has the form
g˜ab(p˜) =
(− r−2mr 0
0 rr−2m
)
, (9)
where a,b = 0,1. Thus the hypersurface H˜0 or H˜π degenerates to a two-dimensional surface. The Riemann tensor is easily
calculated for the metric (9):
R˜1010(p˜) = −2m
r3
, R˜abcd(p˜) = 0 for remaining indices a,b, c and d.
It is also easy to check that the Gauss curvature of the surface H˜0 or H˜π is
K˜ (p˜) = R˜1010(p˜)
det(g˜ab(p˜))
= 2m
r3
. (10)
We still consider a case when r ∈ (2m,∞), θ ∈ (0,π) and φ = 0. Since dφ = 0 if φ = const, so the metric given by Eq. (1)
takes the form
g¯ = − r − 2m
r
dt2 + r
r − 2m dr
2 + r2 dθ2. (11)
The metric tensor g¯ in coordinates p¯ = (t, r, θ) in the hypersurface H¯0 has the form
g¯ab(p¯) =
⎛
⎝
− r−2mr 0
r
r−2m
0 r2
⎞
⎠ , (12)
where a,b = 0,1,2. The Riemann tensor calculated for the metric tensor (12) is
R¯1010(p¯) = −2m
r3
, R¯2020(p¯) = m(r − 2m)
r2
, R¯1212(p¯) = − m
r − 2m ,
R¯abcd(p¯) = 0 for remaining indices a,b, c and d.
A curvature of a three-dimensional space is so determined at each point p¯ by three quantities:
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det
(− r−2mr 0
0 rr−2m
) = 2mr3 , (13)
K¯r(p¯) = R¯2020(p¯)
det
(− r−2mr 0
0 r2
) = −m
r3
, (14)
K¯t(p¯) = R¯1212(p¯)
det
( r
r−2m 0
0 r2
) = −m
r3
. (15)
Now, let us notice that quantities (10) and (13) are equal to the eigenvalues (6) and quantities (14) and (15) are equal
to the eigenvalues (7). Thus we have
K˜ (p˜) = K¯θ (p¯) = Kθ,φ(p) = λ4(r); {θ, φ constant},
K¯r(p¯) = Kr,φ(p) = λ5(r); {r, φ constant},
K¯t(p¯) = Kt,φ(p) = λ3(r); {t, φ constant},
Kr,θ (p) = λ6(r); {r, θ constant},
Kt,θ (p) = λ2(r); {t, θ constant},
Kt,r(p) = λ1(r); {t, r constant}.
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭
(16)
Quantities Kθ,φ(p), Kr,φ(p), Kt,φ(p), Kr,θ (p), Kt,θ (p) and Kt,r(p) determine a curvature of the spacetime (M, g) at each
point p ∈ M (see [3]).
3. Conclusion
We have studied the gravitational ﬁeld of the Schwarzschild spacetime and we have given in a nonsingular case a
canonical form of the Riemann tensor RAB represented in the pseudo-Euclidean space R6 by a 6-dimensional formalism.
We have shown that components RA′B ′ of the canonical form of the RAB determine in the nonsingular case and also in the
singular case a curvature of the spacetime at p. This leads us to identiﬁcation of the gravitational ﬁeld with the curvature
of the spacetime.
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